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Theorem 4.14
If g is a bounded continuous function and {¢'} represents partitions of

[0,], then for any I € (B(t?), B(t?™")), the limit in probability

-F (ti — 54) .

hngw“ (122)=BE) = [ a(Bs)ds

Note that the Smooth propery E[E[x|G:]|Gi] = E[z|Gi], if G C Gs.
Particularly, note that E[E[z|G]] = E[z].

Partial proof

With AB; = B(t!"1)—B(}) and At; = "' —t?, by using conditioning
it is seen that the cross-product term in the following expression vanishes

and
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Cause ((AB;)?*—At;)? is not related with F,.

Due to the smooth property, we have
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dX(t) = F(X(t),t)dt + g(X(t),t)dB(t) + H(X(t—),t—, 2)N(dt,dz)

|z|<1

Euler meathod

X(tns1) = X(t)+F(X(t), tn) At+g(X (), t,) AB(t)+ H(X(t—),t—,2)N(At, Az)

|z[<1



the last intergral term maybe write as AN (dt, dz)??

the last intergral term is a compound poisson process? (No, 2022-10-2,
if 0 < |z|, then it is a compound poisson process.)

Yang Ning’s wrong (-: (- (-

N(At, Az) ~ Pois(v(Az)At)??, so we can get the random number V.

refence to Zhu: v(dz) = 1+d|722|2

then [, _, H(X(t=),t—, 2)V. {7

in all, amazing wrong steps and meathod.....
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A sample path of this process is generated as follows:

1. generate a path of the Markov chain, i.e. a set of switching times
7o = 0,71,...,7+1 = T and the corresponding states a(t) = oy € S,k =
1,...,L.

2. gencrate the jump times vy, , of the Poisson process in cach interval
[Tk, Tk1+1) according to the intensity Aoy, and let Nj be the number of jumps;

3. for any k = 0,...,L generate N}, ii.d. samples Y (a(wy,),j =
1,... Ny distributed according to the probability m(ay, dy);

4. on a given time grid to, ..., t, of [0, 7] built as the superposition of

a deterministic grid and the jump times v;, let X (¢y) = 0 and
X(tis) = X(ti1=) + [ 20 altis) oyt
E

If t;,1 is actually a point of the Poisson random measure, the magnitude of

the jump is sampled, that is

[ 2 alt)pldystin) = 1Y (altin) alti)
E
otherwise the jump ternm is zero.
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end at 22:32.
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Random measure for a single jump
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Lemma 2.3.4 If A is bounded below, then N(¢, A) < oo(a.s.) for all
t>0.
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“Suppose that an infinitely divisible probability measure is such that its

Lévy measure v is absolutely continuous with respect to Lebesgue measure.
We write g, = dv/dz and call it the Lévy density .

For example, a compound Poisson random variable (as given in Exam-
ple 1.2.10) will have a Lévy density if and only if each Z; has a pdf. In this

case, we see that g, = c¢fz where fz is the common pdf of the Z;s.”

AHESFENAZE X X KRR MRE Y = F(X) f2ELLmE, Ba
BREUE Y 2 — R R, H Y 2B
https://www.cnblogs.com/dohkoai/p/14629651.html

“5.1.2 Euler Scheme We now construct the Euler scheme for (5.13).”

([Jum, p. 103](zotero://select /library /items/4CBEFAG6D)) ([pdf](zotero://open-

pdf/library/items/Q8LXIW6L?page=103))
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tnt1
Y(tns1) =Y (tn) + oY (t,)AB, + / Y (t,)zN(dz,ds)
tn |z|>c
N€(tnt1)
=Y(t,) |1+ 0AB, + > Vi
k=N¢(t,)+1

The jump coefficient is linear with respect to ’z’, if it is nonlinear, for

example 22, it is not correct.??

Forward, or explicit, Euler-Maruyama scheme. N*
is either a CPoPr or a CCPoPr.

This scheme is presented in e.g. [13, Page 305]. A slight generalization,
including dIN*, gives

Tpy1 = Ty + (tn>xn)At + U(tmxn) Wy + (tn’xN) Nn*(vN)

Simulating the Merton JD process

1. The increments of the Poisson process are independent and follow a
Poisson distribution with rate (At);

2. conditioned on the number of jumps occurred between ¢; and ¢4,
the sum of the jump severities is Gaussian with given mean and variance.

Hence, the simulation algorithm can be organized as follows.

1. Simulate the continuous part of the JD diffusion process, i.e. the
ABM, on the given time partition.

2. Simulate the number of jumps occurring between t; and ¢;,4, i.e.
N ~ Poi((tj,tj +1)).

3. Generate Z N(0,1); set J = ZN + Zv/NZ.

4. Sum the ABM and J.

For case L(du) = du/(1 + u?), L(R) = 7 we get Poisson intensty.
1. Simulate the number of jumps occurring between ¢; and ¢;,,, i.e.
N ~ POi(ﬂ'(t]‘+1 — tj))

2. Generate jump size: Z’s pdf is /m; Set J =N« Z

_1
14+u?

Variance Gamma, process
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Lévy density
gu(x) = alz|(eV®* (—00,0)(x) + e V2(0, 00) (x))

1. Simulate the increments from tj to tj+1 of the Gamma clock, i.e. G
(G+1 )k, 1/K).

2. Generate Z N (0, 1); set X = G + GZ.

Gamma law I'(6t/k, 1/k)

where a = 0t/k,b=1/k.

BT L(du) = du/(u*?), L(R\{0}) = oo

5 1J“(X(t),y)V(dy)

A: BHRMAR-FE, 8EH T levy calculus chapter3(7F % “Func-
tional Analysis” Yosida (1995)"]), 55 skorhod’s representated BV K

Sample path properties are discussed e.g. in Sato’s Lévy processes
and infinitely divisible distributions, Section 21. For example, the following
results are given there:

Sample functions of X are a.s. continuous if and only if =0.

Sample functions of X are a.s. piecewise constant if and only if X is
compound Poisson or a zero process.

If (Rd)=, then a.s. jumping times are countable and dense in [0,); if
0<(Rd)<, then a.s. jumping times are countable in increasing order and
the first jumping time has an exponential distribution with mean 1/(Rd).
In this latter case, the process J(t) of jumps in [0,t) is a Poisson process
with intensity measure (Rd), so the number of jumps in [0,t) has a Poisson
distribution with mean t(Rd).

Tu, the first time the process jumps by more than u, has an ex-
ponential distribution with mean 1/c if fD(u,oo) (dx) = ¢ < oo, where
D(u,)=xRd:u<||x||<.
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This shows that a Lévy process can be represented by a compound
Poisson process if and only if its L evy measure is finite.
If A is bounded below, then [, f(u)m(du) is a compound poisson pro-

Cess.

{a|f(x) # 0} WIIELRL f HISCHE supp(f), MR RE, B3,



